GPS signal detection using hypothesis testing analysis are given by using the generalized likelihood ratio test (GLRT) approach, applying the model of intermediate frequency (IF) GPS signal of one satellite in white Gaussian noise. The test statistic follows central or noncentral F distribution and is nearly identical to central or noncentral chi-squared distribution because the processing samples are large enough to be considered as infinite in GPS acquisition algorithms. The probability of false alarm, the probability of detection and the threshold are affected largely when the hypothesis testing refers to the full PRN code phase and Doppler frequency search space cells instead of to each individual cell. The performance of the test statistic is also given with combining the noncoherent integration. Given the probability of false alarm to achieve a desired probability of detection, examples are illustrated to determine the relations among the threshold, the coherent integration time, the number of noncoherent integration and signal to noise ratio.
Introduction
Detection (Kay, 1993-1) and estimation (Kay, 1993-2) are two aspects for signal processing. The received Global Positioning System (GPS) signal is buried in noise. We are interested in determining the presence or absence of satellite signals (detection aspect) and unknown parameter estimation (estimation aspect). The GPS signal detection can be based on a hypothesis testing that could be summarized as hypothesis 1 H , some satellite signal is present and hypothesis 0 H , it is not. 0 H is referred to as the null hypothesis and 1 H as the alternative hypothesis. This problem is known as a binary hypothesis test since we must choose between two hypotheses (Kay, 1993-1) . In Bromberg and Progri (2004) , Bayesian estimation techniques are applied to the problem of time and frequency offset estimation for GPS receivers. The estimation technique employs Markov Chain Monte Carlo (MCMC) to estimate unknown system parameters. In Progri et al. (2003) , it proposes a maximum likelihood GPS receiver for processing the received GPS signals of the L1 and L2 frequencies. The maximum likelihood GPS receiver performs a simultaneous, two-dimensional search of both the PRN code phase and Doppler frequency. In Winternitz et al. (2004) , O'Driscoll (2007) , and Shanmugam (2008) , the GLRT approach is applied, but not that much in detail. In this paper, we also resort to GLRT approach to detect the GPS signal. Because the variance of WGN is unknown but has been taken into consideration under both hypotheses 1 H and 0 H , the resultant hypothesis test leads to doubly composite hypothesis testing problem (Kay, 1993-1) .
In Dierendonck (1996) , Ziedan (2006) , Psiaki (2001) and Hegarty et al. (2003) , they use the conclusion that the GLRT test statistic of GPS signal will follow central and non-central chi-squared distribution under hypotheses 1 H and 0 H , respectively. In this paper, based on the theorems (Kay, 1993-1) shown in Appendix, it has proved that in fact the test statistic follows central or noncentral F distribution. It has also shown that the test statistic is nearly identical to central or noncentral chisquared distribution only because the processing samples are large enough to be considered as infinite in GPS signal detection algorithms.
In Dierendonck (1996) , the hypotheses 1 H and 0 H refer to each individual cell, and not to the full search space. And thus has the conclusion that increasing noncoherent integration number does not change the threshold. As a consequence, there is a high statistical risk that the noise will be, in some cells, higher than the calculated threshold. In this paper, it has proved that the probability of false alarm, the probability of detection and the threshold are all affected largely when the hypothesis testing refers to the whole PRN code phase and Doppler frequency search space cells instead of to each individual cell.
In this paper, as the test statistic considering all search space cells, the performance of the hypothesis testing is also given with combining the noncoherent integration to increase the processing gain.
For different acquisition methods, the expression of the probability of false alarm, the probability of detection and the threshold will be different (Ziedan, 2006; Psiaki, 2001; Borio et al., 2006) . In this paper, we have derived the basic expression which can be altered and then applied to different acquisition methods.
The rest of the paper is organized as follows. First, hypothesis testing analysis of GPS is introduced. Second, performance analysis is given. Third, GPS signal detection with noncoherent integration is analysed. Forth, given the probability of false alarm to achieve a desired probability of detection, examples are illustrated to determine the relations among the threshold, the coherent integration, the number of noncoherent integration and signal to noise ratio. Finally, conclusions are made.
Hypothesis Testing Analysis
Considering the detection of received sampled GPS intermediate frequency (IF) signal of one satellite in WGN and assuming the IF signal has a sampling frequency of s f , the detection problem becomes (Kay, 1993-1) .
The sequence of PRN code is known for an appointed satellite, while the sequence of the navigation data is unknown. One navigation data lasts for 20ms, during which time it includes 20 PRN code periods. So there are 20 possible bit edges with each one is aligned with the start of a 1ms PRN code period. Taking Doppler frequency shift on the length of PRN code into consideration, the sampling time of the received PRN code and the data is expressed as follows 
, will yield the same signal, and thus the parameters will not be identifiable (Kay, 1993-1) . 
Where
Then the GLRT for the hypothesis testing problem becomes 0 , 0 :
According to Theorem 9.1 (Kay, 1993-1) in Appendix,
where
is the threshold of (10).
The exact detection performance is given by
where 2 , 2  N F denotes an F distribution with 2 numerator degrees of freedom and 2  N denominator degrees of freedom (Kay, 1993-2) . And 
The discussion of the F distribution can be resort to (Kay, 1993-1) 
. Then the test statistic is nearly identical to that of Theorem 7.1 (Kay, 1993-1) in Appendix. The principle difference (apart from the scale factor 2) is that the denominator 2  has been replaced by its unbiased estimator
Then (10) becomes (Kay, 1993-1) is applied in GPS signal acquisition. Applying Theorem 7.1, the exact detection performance is then given by
The GLRT becomes
where  is the threshold of (24).
The noncentrality parameter  is 
which is shown in Fig. 3 . Remember that the threshold  here is different from the one used before.
The probability of false alarm follows as
The exact distribution of the test statistic   
Note that for a small FA P , we have
is the probability of false alarm if we only examine one cell. Hence FA P increases approximately linearly with the number of cells examined.
A less conservative method (Winternitz et al., 2004; Psiaki, 2001) (Spiker, 1996; Ward et al., 2006) . The less conservative method can be applied to use 1023 instead of ms N as the independent searching cells of C/A code phase dimension. For the Doppler frequency dimension, we can consider this way. The frequency searching step is closely related to the length of the data used in the acquisition (Tsui, 2005) . When the input signal and the locally generated complex signal are off by 1 cycle there is no correlation. When the two signals are off less than 1 cycle there is partial correlation (Tsui, 2005) . Normally, it is chosen that the maximum frequency separation allowed between the two signals is 0.5 cycle. For GPS signal of coherent integration time I T (in second), a I T 1 (in Hz) signal will change 1 cycle in I T . In order to keep the maximum frequency separation at 0.5 cycle in 
It will give a very good approximation to the desired threshold. In the rest of the paper, this less conservative method is applied.
To find the probability of detection we first define a detection as a threshold crossing in the correct code phase and Doppler frequency cell. Hence, D P is defined as the probability that the maximum of the spectrogram occurs in the correct cell, i.e., can be applied, under the conditions that the data bits and bit edge in this 37ms is known as a priori.
Considering Noncoherent Integration
Coherent integration over I T is the first step in any acquisition method to find the GPS signals, because sometimes using I T of data cannot detect a weak signal while only increase I T requires many more operations. One way to process more data is through noncoherent integration. Typically a set of long input data is divided into I T N blocks with PIT time I T , coherent integration is performed on all the blocks. After the coherent integration, the output at every frequency and code delay is complex and can be put into amplitude form. The amplitude from all the coherent integration of the same frequency and code delay are summed, known as noncoherent integration. As a result, the weak signal will be enhanced, leading to a higher signal to noise ratio. (Kay, 1993-1 
The general probability density function of   
which is a function of the threshold  , the noncoherent integration number 
Usually, the desired probability of false alarm is a given. Thus the procedure is first to use equations (37) and (38) to solve for the threshold  for that desired probability of false alarm. The only way that the threshold  can be determined for a desired FA P is to do it iteratively via trail-and-error, a method such as the Newton-Rhapson method (Dierendonck, 1996) . And then evaluate the performance of the detector as a function of T , or both, will have to be increased, which effectively slows down the search rate. Increasing I T (decreasing the predetection bandwidth) is more effective, but not always possible because of Doppler frequency stability, or because of data bit edge occurrence and local oscillator stability.
Examples
Here are some examples to illustrate the relations among PIT I T , noncoherent integration number Because the threshold has nothing to do with 0 N C , Fig. 7 is the same as Fig. 9 for I T from 1 to 60ms. But the threshold changes as I T changes, while I T is related to coherent integration sample number N . But in Dierendonck (1996) , it has declared that increasing N does not change the threshold. This is only correct if we have a priori information of exact code delay and Table 4 . 
Summaries and Conclusions
In this paper, GPS signal detection using hypothesis testing analysis are given, using the model of IF GPS signal of one satellite in WGN. The GLRT approach is applied to detect the GPS signal under hypotheses 1 H and 0 H .
Based on detection theory, it has proved that in fact the GPS test statistic follows central or noncentral F distribution because the power of the WGN is unknown, as well as that the signal is also uncertain. But the statistic is nearly identical to central or noncentral chisquared distribution because the processing samples are large enough to be considered as infinite in GPS acquisition algorithms. The proof is shown in Fig. 1 It has also proved that the probability of false alarm, the probability of detection and the threshold are affected largely when the hypothesis testing refers to the full PRN code phase and Doppler frequency search space cells instead of to each individual cell. The performance of the test statistic is also given with combining the noncoherent integration to increase the processing gain.
Given the probability of false alarm to achieve a desired probability of detection, examples are illustrated to determine the relations among the threshold, the PIT, the number of noncoherent integration and signal to noise ratio. For the given In this paper, the effect of data bits and bit edges in PIT I T is neglected temporarily to simplify the GPS signal detection problem. But for weak signals, how to decide the data bit sequence and bit edges will make the problem more important and complicated. More work about this aspect has been done by the authors. 
